Dyson calculated the effect of spin-wave interactions on the static (thermodynamic) properties of the Heisenberg ferromagnet. Within the same approximation, that of including only the contributions of lowestorder (two-magnon) scattering processes and neglecting the kinematic interaction, we have calculated the dynamic properties of this system and find results consistent with Dyson's in the zero-wave-vector limit. In the short-wavelength limit where perturbation theory diverges, we discuss nonperturbatively via the t matrix the influence of the two-spin-wave bound states and the two-spin-wave resonant scattering states on the singleparticle spectrum as characterized by the transverse spectral weight function A k (ω). We find that although the total cross section of the bound states is too small for them to be observed directly, the anomalous effect of the bound states and resonant scattering states on the renormalization of the spin-wave energy is observable under favorable conditions. In general, we find the quasiparticle picture to be valid; however, at the highest temperature considered the resonant scattering states cause an extra resonance in the susceptibility. Most of the results for A k (ω) are given numerically and have been checked against the sum rules, although the energy shift and energy width as deduced from Σ k (ε k ) are given analytically by rather simple expressions. We have obtained for the first time a Green's function that is capable of yielding correctly at low temperatures both the static and dynamic properties for arbitrary spin. Dyson calculated the effect of spin-wave interactions on the static (thermodynamic) properties of the Heisenberg ferromagnet. Within the same approximation, that of. . including only the contributions of lowest-order (two-magnonl scattering processes and neglecting the kinematic interaction, we have calculated the dynamic properties of this system and Gnd results consistent with Dyson s in the zero-wave-vector limit. In the short-wavelength limit where perturbation theory diverges, we discuss nonperturbatively via the t matrix the inQuence of the two-spin-wave bound states and the two-spin-wave resonant scattering states on the single-particle spectrum as characterized by the transverse spectral weight function Ae(jul. We And that although the total cross section of the bound states is too small for them to be observed directly, the anomalous effect of the bound states and resonant scattering states on the renormalization of the spin-wave energy is observable under favorable conditions. In general, we find the quasiparticle picture to be valid; however, at the highest temperature considered the resonant scattering states cause an extra resonance in the susceptibility. Most of the results for AI, (co) are given numerically and have been checked against the sum rules, although the energy shift and energy width as deduced from Zz(ef, ) are given analytically by rather simple expressions. We have obtained for the erst time a Green s function that is capable of yielding correctly at low temperatures both the static and dynamic properties for arbitrary spin.
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magnons. This problem was overcome by Dyson, 7 who introduced a simple equivalent boson Hamiltonian that consisted of terms quadrati. c and quartic in the boson operators. He was then able to sum explicitly the perturbation series for the free energy, including terms of all orders in 1/S that are of les, ding nontrivial order in (n). Furthermore, he was able to conclude that perturbative calculations for static thermodynamic quantities were qualitatively correct over a wide temperature interval, say, T/T, ( ', . Actually be-cause of the weakness of the long-wavelength interactions the expansion parameter turns out to be (rt)(kHT/4JS) rather than (zt).
Dyson also pointed out that calculation of the properties of a low-density gas of magnons is formally identical to that for any low-density system of weakly interacting particles. By weakly interacting, one means that there are no low-energy two-particle bound states. In other words, the thermodynamically important twoparticle, i.e. , two-spin-deviation, states are those that do not differ qualitatively from the states of two noninteracting particles. Although Dyson did not investigate the possible occurrence of bound states in full detail, he showed that even if they did exist, they would not aQ'ect the low-temperature thermodynamics. A more complete analysis of the two-spin-wave states has since been carried out by Mortis. ' He found that bound states of two spin-waves do indeed exist for the c.m. momentum k greater than a critical value k. , the exact value depending on the direction of k in reciprocal space.
The problem of the interactions of two spin-waves is quite similar to the usual two-body problem, ' except that in the c.m. system the resulting potential depends on the c.m. momentum. The analogous situation in ' F. J. Dyson, Phys. Rev. 102, 1217 , 1230 (1956 .
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'P. Roman, Adw, rIced Quantum Theory (Addison-Wesley Publishing Company, Inc. , Reading, Mass. , 1965) . 640 potential scattering is the scattering of a particle from a spherical potential well whose depth, for the purposes of the analogy, is dependent on the total momentum of the two spin-waves. imp, ) f=~a -e-'sic'&Ls"-(~), s"+io)]), in the usual notation and possesses the spectral representation'"
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the literature" "" It is well known that gs (i&a") possesses the spectral representation , Ag(oi') gss (ice") = -do&' co -Ro~ ( 13a) As ( 
where
is the boson Green's function, Zs(ia&") is the usual irreducible boson self-energy, and A&(ice") is given diagrammatically in Fig. 1 . In Fig. 1 In terms of Zs(co) and its(cv) the spectral weight function is given by (16) where a prime denotes the real part and a double prime denotes the imaginary part; here Z&(m") and A&(ice") are understood to be evaluated for~just above the real axis. In Sec. III we discuss the low-temperature approximations for Zs(cu) and Aq(zo) and derive in terms of them a more compact expression for Al"(su) from Eq. (16). As is discussed in Appendix D, this expression also gives a spectral weight function from "I. . Van Hove, Phys. Rev. 95, 249 (1954); 95, 1374 (1954 Consequently, we will sum all contributions to Zs(ce) and As(co) with at most one backward line and will 6nd that the errors thus incurred are at most of order T5.
The one-backward-line approximations for Zs(ce) and As(ce) are given in terms of the t matrix, or sum of ladder diagrams, shown in Fig The t matrix given by Eq. (20) is a function of both the relative incoming and outgoing momenta, k~and k2, respectively, of the total momentum g, and of the total energy~carried by the two interacting spin waves.
Equation (20) 
This represents the two-spin-wave band, which extends
Also we use the notation
Note that 4';,(q, &v) is equal to B, ,(q, &0) as defined by Wortis. From Eq. (22) we see that the singularities of t are those of (1 -2A) ' and occur where
It has been pointed out by the previous authors that these correspond to the two-spin-wave states, both the continuum of scattering states and the isolated twoparticle bound states outside the continuum. More explicitly, the singularities of the t matrix are the following:
(1) In the limit E ' gk -+(2qr) sly'k, a continuum s7 J. Hatms, Phys. Rev. Letters 11, 336 {1963).
( 24b) and below we will introduce also Ds(k, x):
where g is the sum of the momenta of the two interacting spin-waves.
(2) Isolated poles below the continuum at the ss where we may neglect the n(o&) terras in the frequency sums, we obtain, after performing these sums using the representation given by Eq. (27),
From Kq. (29) we may infer the analytic structure of Zs(ro) and As(to) within our approximation. The factor ts"may be characterized as a sharply peaked function with a range in momentum space (kI&T/JS) 'I'. Thus Zs(o&) and As(o&) will have appreciable spectral weight over essentially the same interval as the t matrix for total momentum k. We may say that the spectral weight of Z~(o&) and As(o&) are obtained from that of the t matrix via a small thermal "smearing. " Near the bound states the thermal smearing produces resonances in Zs(co) and As(o&) from the poles in the t matrix.
As we have already noted, the one-backward-line (31) and is evaluated to order T"' a,s Z& &(k) = -(es/32$)t ( )vsr s~r~(r~knT/JS). (32) It is possible to estimate the validity of this asymptotic evaluation of the low-density contribution by comparison with the asymptotic evaluation of a similar quantity, = (1/A&) Z (~s)o= (1/») Z L«p(&«) -13 '
As has been pointed out, " this quantity can be expressed in closed form using modified Bessel functions. Thus one has available the complete asymptotic expansion of e at low temperatures. Although this expansion is not convergent (i.e. , it is truly an asymptotic one), it can be seen that successive terms are smaller initially by a factor of keT/4JS. Thus one might anticipate that our expansions also have this property, or that the first neglected term is down by a factor knT/4JS= 4r.
-
The same procedure could in principle be used to evaluate As(o&) and thence, from Eq. (19), Rs(o&).
However, since one obtains rather complicated expressions for As(o&), the following approach was found to be more convenient.
We define Rs (o&) by
'SIn the regime k&T»eo, in addition to keeping the neglected n{w) term in Eq. (29a), one also must retain the terms (1+I,~+s,+N,is @) in Eq. (20) for the t matrix. This will be discussed more fully in a subsequent paper. 29 In contrast to the approximation of taking only diagrams for Zz(co) and Ak(co) with one backward line, this approximation is not essential, and could be overcome at the cost of more intricate numerical evaluation.
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When one considers the point &o=-oo, the sum rules on A;;(k, &o) and its derivatives simplify matters, and consequently, as is shown in Appendix C, a compact expression for the self-energy follows. It is the self-energy at oo=oo that gives the renormalized spin-wave energy oo(T) and inverse lifetime or damping constant I'&(T) through the relations oo(T) = oo+ Redo(oo),
The expression for Z&(o&) in the L1111direction was previously reported, " and is the following:
As we pointed out previously, Eq. (41) 
The interpretation of Eqs. (41) and (42) We note at this point that the 6rst Born approximation is quite poor except at very long wavelength. 'Ã t the zone edge (k=w), Q(sr) = -s(1+1/S), which for spin -, 'is -1, the negative of the 6rst Born result. In fact, since perturbation theory corresponds to expansion of (1 -3Ae) ' in a geometric series, it converges only for~3Ae~(1.However, near resonance Re3A&y 1, and Im3AO&0 since there is damping of the bound state. The damping will be reasonably large since the bound state has emerged quite far into the continuum, so that~3Ae~will certainly surpass unity in the region near the resonance. For example,~3As~= 1 at about k=120' for spin -', . Thus the resonance in the selfenergy is a nonperturbative eGect. We have obtained it only through inclusion of all orders in 1/S via the t matrix. As the spin is increased, one observes the resonance diminishing in magnitude and moving to larger momentum. This is as it must be, since for higher spin the bound states move further out toward the zone edge, Anally vanishing in the limit of infinite spin.
In order to investigate the angular dependence of the spin-wave energy and lifetime, we have numerically evaluated Eq. (42) The effect of the bound states on the main resonance is a specidc example of a more general and familiar phenomenon. From general considerations it is clear that the emergence of a new mode or the proximity of two existing modes in a system will aGect the singleparticle spectral weight function. This is simply due to the noncrossing of energy levels in quantum mechanics. Other examples in many-body theory are the electron gas in the random phase approximation" (RPA) and the theory of spin fluctuations in nearly ferromagnetic metals. " In all three cases one may express the singleparticle self-energy in terms of a function that has a pole reflecting some collective mode of the system (for us the t matrix and the two spin-wave bound states, in the RPA the inverse of the dielectric constant and the plasmons, for nearly ferromagnetic metals the particlehole t matrix and the spin fluctuations or paramagnons) .
The renormalization and lifetimes of the quasiparticles of all these systems will thus show manifestations of the collective modes.
The analogy to the nearly ferromagnetic meta, l is particularly enlightening, and we will focus out attention on it. In the itinerant model of ferromagnetism, 'e D. Pines (d) The damped bound state is observable both indirectly, through the resonance it causes in the magnon self-energy, and directly, at least within our approximation, as a resonance in the spin-wave spectral weight function (which gives the neutron scattering cross section) . 
and noting tha, t the unity term vanishes when the P' integral in (84) is performed, we obtain finally (8't) which is the desired result. 
where we have used Eqs. (23b) and (C5). Thus we find (C6a) 
Substituting this result into Eq. (C1), we thus find and T'~' from ZI, (i'") and also the sum over uo" introduces a factor T"'. Also, as is well known, the Qrst two we have evaluated will not reproduceWortis's results. However, as mentioned before, the approximation of Eq. (18) 
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One sees that the rest of (D9b) 
